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We derive a lower bound on the merger rate of primordial black hole (PBH) binaries by estimating
the maximal fraction of binaries that were disrupted between formation in the early universe and
merger, and computing the merger rate of disrupted binaries. This implies robust constraints on
the PBH abundance in the range 1− 100M. We further show that LIGO/Virgo design sensitivity
has the potential to reach the PBH mass range of 10−2 − 103M. These constraints are stronger if
PBH are initially spatially clustered.
The direct detection of gravitational waves (GWs)
from binary black hole (BH) merger by LIGO [1] marked
the dawn of a new era in cosmology. During the first two
observing runs LIGO detected nine more BH-BH merger
events, latest of which were seen also by Virgo detec-
tor, indicating a merger rate of 9.7 − 101Gpc−3yr−1 for
BH binaries with component masses ranging from 7.6M
to 50.5M [2]. Currently possible new events are re-
ported almost on a weekly basis. These events may have
originated from astrophysical BHs [3] or from primordial
black holes (PBHs) [4–6] that, in the most common sce-
narios, arise from large curvature fluctuations in the early
universe [7, 8].
PBH binary formation has received much attention in
the last years [4–6, 9–15]. Most PBH binaries whose
mergers may be presently observed form already in the
radiation dominated universe [6, 10, 11]. Due to the
random distribution of PBHs before formation of struc-
tures some PBHs may be much closer than their aver-
age separation. Such PBHs will form the earliest grav-
itationally bound systems and produce the initial pop-
ulation of binaries. The distribution of orbital charac-
teristic of this binary population can be estimated an-
alytically and, assuming all binaries survive until they
merge, the merger rate obtained via this mechanism is
so large that only a small fraction, O(0.1%), of dark
matter (DM) in PBHs is allowed in the mass range that
LIGO/Virgo detectors probe. This implies the strongest
constraints on the PBH abundance to date in the mass
range 1 − 100M [10, 11, 14]. Yet, the fate of these bi-
naries remains uncertain. In particular, initial binaries
are highly eccentric, thus interactions with surrounding
PBHs can significantly increase their coalescence times.
The aim of this letter is to derive a lower bound on
the PBH merger rate by considering scenarios where the
initial population of binaries is maximally disrupted and
by including the contribution from disrupted binaries.
These results imply more reliable constraints on the PBH
abundance from GW observations.
Analytic estimates indicate that most of the initial
PBH binaries are not perturbed between formation and
merger [11]. These estimates, however, contradict nu-
merical studies [14] that, although confirming the analyt-
ically estimated distribution of initial binaries, find that
binaries are likely to be disrupted after formation in the
case when PBHs make up most of the DM. The cause for
the disruption is twofold: (1) In case the initial configu-
ration contains a third PBH close to the PBH pair that
is expected to form a binary, it is very likely that it col-
lides with the binary. (2) PBHs will form dense N -body
systems relatively early, and binaries absorbed by these
clusters are more likely to be disrupted.
In [14] we introduced the suppression factor of the
merger rate due to disruption by the first mechanism.
In this letter we consider the disruption via the second
mechanism. To obtain the the strongest possible sup-
pression factor we assume that small PBH clusters capa-
ble of experiencing a core collapse within a Hubble time
will with certainty perturb all of its binaries. Binaries in
larger DM haloes are not expected to be perturbed [11].
Furthermore, even if most of the early PBH binaries
were at least once disrupted, the present merger rate
from the resulting population of less eccentric binaries
can still reach the observed rate [14]. In that case, bina-
ries contributing to the rate originate from dense 3-body
configurations with separations much below the average
PBH distance. In this letter we improve our previous es-
timate of the merger rate arising from the population of
disrupted binaries.
By combining the two effects described above we can
derive a lower bound for the merger rate, concluding that
it is well above the range indicated by the LIGO and
Virgo observations in the case that more than 4% of DM
is in O(10M) PBHs. We finally use our results to obtain
robust constraints on PBH abundance.
The coalescence time of a binary due to GW emission
is approximately [16]1
τ =
3
85
r4a
ηM3
j7 =
3
1360
M
ηE4
j7 (1)
where η = m1m2/M
2, M = m1 + m2 denote the mass
1 This holds when j  1, and for larger j deviates by at most 23%.
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2asymmetry and the total mass of the binary, ra is its
semimajor axis, E = M/(2ra) the binding energy per
reduced mass, j ≡ √1− e2 the dimensionless angular
momentum and e the eccentricity.
Binaries expected to coalesce within a Hubble time are
hard. Thus, according to the Heggie-Hills law [17, 18],
close encounters with other PBHs will, on average, in-
crease their binding energy by an O(1) factor. On the
other hand, as initial binaries are highly eccentric, j very
likely increases by more than an order of magnitude lead-
ing to an over 7 orders of magnitude increase of the co-
alescence time. So, when a binary that was initially ex-
pected to merge within a Hubble time is disrupted, its
coalescence time exceeds the age of the universe and thus
it will not produce detectable GW signals.
If the initial population would not be disrupted by
the second process, then a fraction fPBH ≥ 10−3 of
PBH DM predicts a merger rate higher than observed
by LIGO/Virgo. The differential merger rate at time t
in that case is [14]
dRnp
dm1dm2
≈1.6× 10
6
Gpc3yr
f
53
37
PBH
[
t
t0
]− 3437 [ M
M
]− 3237
× S[ψ, fPBH,M ] η− 3437ψ(m1)ψ(m2) ,
(2)
where t0 is the age of the universe, ψ(m) is the PBH mass
distribution and S[ψ, fPBH,M ] is a suppression factor ac-
counting for the disruption by the first mechanism due
to the infall of the PBH close to the binary. For narrow
mass functions S ≈ 0.24(1 + 2.3σ2M/f2PBH)−21/74, where
σM ' 0.005 is the variance of matter density perturba-
tions at the time the binary was formed.
When fPBH >∼ 0.1, the fraction of binaries disrupted
by the second mechanism, that is, by PBH clusters, has
been shown to be relatively high already at z = 1100, in-
dicating that nearly all initial binaries might be disrupted
within the age of the universe [14]. A small fraction of
the early binaries may, however, remain unperturbed.
So, by (2), the present merger rate from the initial bi-
nary population can still exceed the current bounds in
the LIGO/Virgo mass range. This may happen because
of several reasons: (a) not all PBH binaries will become
bound to PBH clusters early, (b) small dense clusters
of PBH are unstable on timescales much shorter than
the Hubble time and thus it is possible that the cluster
is dissolved before the binary gets disrupted, (c) larger,
less dense systems forming the DM haloes of e.g. dwarf
galaxies must be stable within the Hubble time making
disruption unlikely.
It was estimated that the disruption of initial binaries
in DM haloes is negligible [11]. However, by drawing par-
allels with globular clusters [19, 20], there are two effects
that can significantly enhance the disruption probability
in smaller PBH haloes: First, since binaries are heav-
ier than a single PBH, they tend to sink towards the
centre of the halo and, second, during core collapse the
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FIG. 1. Suppression factor of the merger rate at different
redshifts arising from disruption of the binaries in haloes that
have undergone a core collapse.
central density can increase by several orders of mag-
nitude greatly enhancing the probability of 3-body en-
counters [21]. Thus, to estimate the maximal disruption
probability by the second mechanism we assume that all
binaries within a cluster that has undergone a core col-
lapse are disrupted.
The distribution of clusters containing N PBHs at red-
shift z from initially Poisson distributed point masses is
approximately [22–24]
pN ∝ N−1/2e−N/N∗(z) , (3)
where N∗(z) is the characteristic number of PBH in a
halo at redshift z, which we estimate using analytic re-
sults from [24]. The probability p¯N of finding a binary
in a halo with N PBHs is approximately proportional
to pN . We fix the normalization so that
∑
N≥2 p¯N = 1.
Then, the fraction of non-perturbed binaries is
Pnp(z) &
∞∑
N=Nc(z)
p¯N (zc) , (4)
where Nc(z) is the maximal number of PBH in haloes
that can undergo a core collapse before redshift z, and
the halo distribution is evaluated at the redshift where
the haloes with Nc PBHs formed, which we estimate as
zc ≈ fPBHzeq/
√
Nc.
Consider now the dynamics of haloes containing N
PBHs. They form approximately when the scale factor
is a ≈ aeq
√
N/fPBH, where aeq corresponds to matter-
radiation equality. Assuming that they are virialized,
the velocity dispersion is given by σ2v ≈ MH/R, where
R is the virial radius and MH = mN/fPBH the mass of
the halo2 Following Press-Schechter theory, the average
2 We assume that the fraction of PBH in haloes matches fPBH.
However, it was shown in [24] that this fraction could be larger,
especially in the early universe. This may slightly enhance the
disruption of PBH binaries.
3density of these haloes is ρ = 3MH/4piR
3 ≈ 16pi2ρca−3,
where ρc is the critical comoving density. The charac-
teristic time of core collapse of such haloes is tcc ≥ 18tr,
where the relaxation time is [25]
tr = 0.065
σ3v
mρ ln Λ
≈ 2kyr N
7/4
f
5/2
PBH ln Λ
. (5)
The Coulomb logarithm is approximately ln Λ ≈
ln(N/fPBH). Requiring 18tr < t0 gives
N ≤ Nc ≡ 1500f10/7PBH ln Λ4/7 , (6)
which is consistent with earlier results of [26]. Since bina-
ries can be disrupted only in systems with Nc ≥ 3 PBH,
the merger rate will be unaffected when fPBH . 0.005.
In Fig. 1 we show the suppression factor Pnp(z) of the
merger rate. For fPBH = 1 at most 6% of the initial
binaries survive unperturbed until today. Moreover, dis-
ruption by clusters can be observed at very high redshifts.
This is consistent with our N -body simulations [14], ac-
cording to which only about half the binaries not dis-
rupted by the first mechanism survive until z ' 1100
when fPBH = 1.
Even if all early binaries would be perturbed, a large
population of PBH binaries capable of contributing to
the present merger rate still remains. In the following
we will estimate the merger rate of disrupted binaries.
For simplicity we will consider only monochromatic mass
functions, ψ(m′) = δ(m′−m), and denote the PBH mass
by m.
Consider first the initial population of binaries and the
resulting merger rate. Following [14] we approximate
that all initial pairs are disrupted when there is a third
PBH closer than ymin, determined by N(ymin) = 2, where
N(y) ≡ 4pinPBHy3/3 is the expected number of PBH in
the comoving volume sphere of radius y and nPBH is the
PBH number density. This comprises 76% of all initial
PBH binaries (for fPBH >∼ 1.5σM ≈ 0.01) and the rate (2)
results from the remaining 24%. We stress that the ini-
tial binary may be disrupted even if the third PBH is
farther than ymin by the mechanism discussed earlier.
Most of the perturbed binaries whose mergers can
be observed today came from PBH pairs that initially
formed an eccentric binary with a very short coalescence
time. It is thus necessary to impose that the initial coa-
lescence time (1) is larger than the time required to per-
turb the binary, τi  tp. The first close encounter of the
initial pair takes place at a ≈ aeqN(x)/(2fPBH), where
x denotes the initial comoving separation of the pair.
Analogously, the initial encounter of the binary with the
third PBH takes place at a = a(tp) ≈ aeqN(y)/(3fPBH).
This estimate works well when the 3-body system is
only weakly coupled to the surrounding PBHs, implying
N(y) . 1. For larger values of y, it is more likely that
the binary is not the closest object to the third PBH.
If the 3-body system forms during radiation domination,
we obtain
tp(y) ≈ 7 kyr×N(y)2f−2PBH . (7)
For short coalescence times GW emission may be rele-
vant. The energy of eccentric orbits scales as E(t) =
E0(1 − t/τ)−2 [16]. Thus, to avoid binaries that emit
more than 10% of their initial binding energy in GWs,
we consider a population in which the coalescence time
of the initial binary satisfies
τi > 20tp(y) . (8)
In the matter dominated epoch (7) overestimates tp, and
therefore requiring (8) leads to a lower merger rate esti-
mate.
The initial coalescence time depends on the initial
angular momentum which, assuming a hierarchical col-
lapse, is determined by the tidal forces acting on the
pair. The closest PBH generates an angular momen-
tum j1 = 0.7| sin(2θ)|N(x)/N(y), where θ is the angle
between the vector joining the PBH pair and the vector
joining the centre of mass of the pair and the position
of the third PBH. The angular momentum generated by
tidal forces from all other surrounding PBHs is of the
order j0 ≈ 0.5N(x), where the width of the distribu-
tion is σj ≈ 0.5N(x)/
√
N(y) [14]. If N(y)  1, then
j1 & σj  j0 as long as | sin(2θ)| &
√
N(y). In this case
the contribution from other PBHs is negligible and we
can use the 3-body approximation.
The comoving density of binaries with an initial bind-
ing energy in the interval (E,E + dE) is
∂ni(E)
∂E
=
∫
dnpairs P (E, τi ≥ 20tp|x, y, θ) , (9)
where
dnpairs =
nPBH
2
dN(x)dN(y)e−N(y)
d cos θ
2
(10)
is the density of initial configurations specified by x, y
and θ, and
P (E, τi ≥ 20tp|x, y)
= δ(E − E(x))Θ(τi(E, j1(x, y, θ))− 20tp(y))
(11)
is the probability that such initial configurations pro-
duce a binary with binding energy E satisfying (8).
Θ denotes the step function. The relation between
binding energy and initial separation is approximately
x ≈ 1.2√m(E(x)ρR)−1/4, where ρR is the comoving
radiation energy density, and the coalescence time is
given by (1) with j = j1(x, y, θ). Requiring that the
distance to the third PBH always exceeds the sepa-
ration of the pair implies y > 3/2x, i.e. N(y) >
27/8N(x). For consistency, we exclude initial conditions
4with N(y) > 1. The condition (8) can be recast as
N(y) < 0.36N(x)| sin(2θ)| 79E− 518 and we further require
that the r.h.s is smaller than one at all angles. This im-
plies a lower bound on E,
E >
[
15
km
s
]2 [
m
M
] 18
37
f
36
37
PBH , (12)
that guarantees the hardness of the binaries. At the
relevant binding energies the distribution (9) scales as
∂ni(E)/∂E ∝ E− 259 , it is independent of the mass of the
PBHs and proportional to f3PBH.
After the initial binaries have interacted with the sur-
rounding PBHs their orbital parameter distribution is
approximately
∂2np(j, E)
∂j∂E
=
∂Pp(j)
∂j
∫
dE′
∂K(E|E′)
∂E
∂ni(E
′)
∂E′
, (13)
where ∂Pp(j)/∂j is the angular momentum distribution
of the perturbed binaries and K(E|E′) is the energy dis-
tribution of perturbed binaries with initial energy E′.
The assumption that the angular momentum distribu-
tion P (j) of disrupted binaries is independent of the ini-
tial angular momentum agrees with numerical studies of
binary-single PBH collisions [27, 28].
The thermal distribution of angular momenta is dP =
2jdj [29]. However, numerical studies find that the j
distribution for disrupted binaries in the early universe
is dP = dj [14]. We will consider distributions
∂Pp(j)
∂j
= γjγ−1 (14)
with γ ∈ [1, 2]. Numerical results further imply that [14]
∂K(E|E′)
∂E
=
α
E′
e−α(E/E
′−1)Θ(E − E′) , (15)
where α > 0. Binding energies do not change in the
limiting case α → ∞, which gives a lower bound on the
merger rate. Being perturbed by the initially closest PBH
corresponds to α ≈ 1 [14]. However, according to the
discussion above, binaries may also be disrupted later.
This will lead to further hardening of the binaries, i.e to
a smaller α, and to an increase in the merger rate. We
neglect the possibility of binary-binary collisions, which
are likely to ionize the wider binary [30].
Finally, the merger rate of disrupted binaries at time
t is
Rp(t) =
∫
dj dE
∂2np(j, E)
∂j∂E
δ (t− τ(j, E))
∝ f
144γ
259 +
47
37
PBH t
γ
7−1m
5γ−32
37 .
(16)
When γ > 21/37, this rate grows slower with redshift
than the merger rate of undisrupted binaries and scales
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FIG. 2. The blue lines show the lower bound on the merger
rate of disrupted binaries today and the green ones the merger
rate of undisrupted binaries today for m = 20M. In the
upper panel fPBH = 1 and in the lower panel α = 1. The
gray band depicts the merger rate indicated by LIGO/Virgo
observations. The green solid line and the green dashed line
show the merger rate of undisrupted binaries (2) with and
without the suppression factor (4), respectively.
down faster for decreasing PBH abundance than the rate
from undisrupted binaries when γ > 7/24 and fPBH >∼
0.01. It depends weakly on the lower bound of the initial
coalescence time given by (8), i.e. requiring τi > qtp(y),
we find that Rp ∝ q 16(28−9γ)2331 .
Consider the modifications due to initial spatial clus-
tering of PBHs. The effect of a non-vanishing 2-point
function ξPBH(x) on Rnp in typical models of inflation-
ary PBH production is estimated to be small [12]. It
should, however, be reconsidered for Rp. The spatial
correlation of PBH can be included by using N(x) =
4pi
∫
dxx2(1 + ξPBH(x)) in (10). To find a rough quanti-
tive estimate, we assume a constant 2-point function at
scales relevant to binary formation, 1 + ξPBH(x) ≈ δPBH
when N(x) . 1 [10]. This is equivalent to a local change
in the PBH abundance, so its effect on the merger rate
amounts to a simple rescaling
R(fPBH)→ δ−1PBHR(δPBHfPBH) . (17)
Thus, Rp ∝ δ
144γ
259 +
10
37
PBH is more sensitive to clustering than
Rnp ∝ δ16/37PBH . Moreover, clustering will generally lead
to more of the initial binaries being disrupted, i.e. a
5smaller Pnp, and thus to a reduction of Rnp. On the
other hand, Rp will be enhanced as more frequent 3-body
encounters tend to harden the perturbed binaries. For
initially clustered scenarios, with fPBH ≈ 1 the merger
rate can therefore be dominated by Rp.
We expect our results to hold for narrow mass func-
tions. The extension for wider mass functions is non-
trivial due to inherent non-linearities. Mass segregation
will enhance the disruption of heavy initial binaries dur-
ing core collapse. The opposite holds for light binaries,
because, although they are more easily disrupted due to
their generally lower binding energy, they tend to migrate
away from the cluster core, decreasing the probability of
hard collisions. Also, perturbed binaries are expected
to contain PBHs from the heavy end of the mass distri-
bution as the lightest PBH is usually ejected in 3-body
encounters [30].
The present merger rate of disrupted binaries is shown
in Fig. 2 for m = 20M. The merger rate decreases
as a function of α as seen in the upper panel, and the
lower panel shows the dependence of the merger rate on
fPBH. For α < 0.3 the the merger rate can dominated by
disrupted binaries when γ = 2.
Constraints arising from the LIGO/Virgo GW mea-
surements for monochromatic PBH mass function are
shown in Fig. 3. For these we used the merger rate
PnpRnp. The red line shows the 2σ constraint on the
PBH abundance corresponding to the case that none of
the BH merger events originated from PBH binaries. The
scenario where all observed BH merger events arise from
PBHs takes place in a narrow mass range. For this case
we make a maximum likelihood fit of the PBH abun-
dance and mass function. The corresponding 2σ and
3σ contours for a fit with a narrow for lognormal mass
function are shown by the dashed black ellipses and the
best fit by the black dot. Faint PBH binary mergers
will also contribute to the stochastic GW background.
Non-observation of the latter excludes the region shown
in purple. The dashed red and purple lines show the
projected final sensitivity of the LIGO/Virgo detectors.
Details of the calculation of these constraints and the
fit are presented in [14]. The other constraints in this
mass range arise from microlensing [31–37], dynamics of
stars [38–41], and due to accreting PBHs affecting the
CMB [42–45] or 21cm physics [23, 46, 47] .
In conclusion, we computed the suppression of the
PBH merger rate in the extreme case where small PBH
clusters undergoing core collapse will disrupt binaries
with certainty. We further gave a conservative estimate
of the merger rate from a population of PBH binaries
that were formed in the early universe, but were dis-
rupted before merger. These results put the GW con-
straints on the PBH abundance on a stronger footing. In
particular, scenarios where PBHs make up all DM are
ruled out in the range 1 − 100M and LIGO/Virgo de-
sign sensitivity has the potential to probe the wide mass
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FIG. 3. Constraints on the PBH abundance: The red
solid line shows the 2σ constraint from the observed merger
rate and the purple solid line the constraint from the non-
observation of the stochastic GW background. The red and
purple dashed lines give projections of the final LIGO/Virgo
design sensitivity. The black dashed ellipses depict the like-
lihood fit for a lognormal PBH mass function with width
σ = 0.4 on the observed rate and masses.
range of 10−2− 103M. Our conclusions persist in mod-
els where PBHs are initially clustered as, although clus-
tering makes it more likely for the initial binaries to be
disrupted, it has a positive effect on the merger rate of
perturbed binaries.
Acknowledgements: This work was supported by the
grants IUT23-6, EU through the ERDF CoE program
grant TK133, and by the Estonian Research Council via
the Mobilitas Plus grant MOBTT5. VV was supported
by the United Kingdom STFC Grant ST/L000326/1.
∗ ville.vaskonen@kcl.ac.uk
† hardi.veermae@cern.ch
[1] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.
Lett. 116, 061102 (2016), arXiv:1602.03837 [gr-qc].
[2] B. P. Abbott et al. (LIGO Scientific, Virgo), (2018),
arXiv:1811.12907 [astro-ph.HE].
[3] K. Belczynski, D. E. Holz, T. Bulik, and
R. O’Shaughnessy, Nature 534, 512 (2016),
arXiv:1602.04531 [astro-ph.HE].
[4] S. Bird, I. Cholis, J. B. Mun˜oz, Y. Ali-Ha¨ımoud,
M. Kamionkowski, E. D. Kovetz, A. Raccanelli, and
A. G. Riess, Phys. Rev. Lett. 116, 201301 (2016),
arXiv:1603.00464 [astro-ph.CO].
[5] S. Clesse and J. Garc´ıa-Bellido, Phys. Dark Univ. 10, 002
(2016), arXiv:1603.05234 [astro-ph.CO].
[6] M. Sasaki, T. Suyama, T. Tanaka, and S. Yokoyama,
Phys. Rev. Lett. 117, 061101 (2016), arXiv:1603.08338
6[astro-ph.CO].
[7] S. Hawking, Monthly Notices of the Royal Astronomical
Society 152, 75 (1971).
[8] B. J. Carr and S. W. Hawking, Mon. Not. Roy. Astron.
Soc. 168, 399 (1974).
[9] S. Clesse and J. Garc´ıa-Bellido, Phys. Dark Univ. 18, 105
(2017), arXiv:1610.08479 [astro-ph.CO].
[10] M. Raidal, V. Vaskonen, and H. Veerma¨e, JCAP 1709,
037 (2017), arXiv:1707.01480 [astro-ph.CO].
[11] Y. Ali-Ha¨ımoud, E. D. Kovetz, and M. Kamionkowski,
Phys. Rev. D96, 123523 (2017), arXiv:1709.06576 [astro-
ph.CO].
[12] G. Ballesteros, P. D. Serpico, and M. Taoso, JCAP 1810,
043 (2018), arXiv:1807.02084 [astro-ph.CO].
[13] B. J. Kavanagh, D. Gaggero, and G. Bertone, Phys. Rev.
D98, 023536 (2018), arXiv:1805.09034 [astro-ph.CO].
[14] M. Raidal, C. Spethmann, V. Vaskonen, and
H. Veerma¨e, JCAP 1902, 018 (2019), arXiv:1812.01930
[astro-ph.CO].
[15] J. Garriga and N. Triantafyllou, (2019),
arXiv:1907.01455 [astro-ph.CO].
[16] P. C. Peters, Phys. Rev. 136, B1224 (1964).
[17] D. C. Heggie, Monthly Notices of the Royal Astronomical
Society 173, 729 (1975).
[18] J. G. Hills, Astronomical Journal 80, 809 (1975).
[19] S. Sigurdsson and E. S. Phinney, Astrophys. J. Suppl.
99, 609 (1995), arXiv:astro-ph/9412078 [astro-ph].
[20] S. Sigurdsson and L. Hernquist, Nature 364, 423 (1993).
[21] J. Binney and S. Tremaine, Galactic Dynamics: Sec-
ond Edition, by James Binney and Scott Tremaine. ISBN
978-0-691-13026-2 (HB). Published by Princeton Univer-
sity Press, Princeton, NJ USA, 2008. (Princeton Univer-
sity Press, 2008).
[22] R. I. Epstein, MNRAS 205, 207 (1983).
[23] G. Hu¨tsi, M. Raidal, and H. Veerma¨e, (2019),
arXiv:1907.06533 [astro-ph.CO].
[24] D. Inman and Y. Ali-Ha¨ımoud, (2019), arXiv:1907.08129
[astro-ph.CO].
[25] G. D. Quinlan, New Astron. 1, 255 (1996), arXiv:astro-
ph/9606182 [astro-ph].
[26] N. Afshordi, P. McDonald, and D. N. Spergel, Astro-
phys. J. 594, L71 (2003), arXiv:astro-ph/0302035 [astro-
ph].
[27] S. Sigurdsson and E. S. Phinney, Astrophysical Journal
415, 631 (1993).
[28] J. M. Fregeau, P. Cheung, S. F. Portegies Zwart, and
F. A. Rasio, Mon. Not. Roy. Astron. Soc. 352, 1 (2004),
arXiv:astro-ph/0401004 [astro-ph].
[29] J. H. Jeans, Monthly Notices of the Royal Astronomical
Society 79, 408 (1919).
[30] P. Hut, S. McMillan, J. Goodman, M. Mateo, E. S. Phin-
ney, C. Pryor, H. B. Richer, F. Verbunt, and M. Wein-
berg, Publ. Astron. Soc. Pac. 104, 981 (1992).
[31] P. Tisserand et al. (EROS-2), Astron. Astrophys. 469,
387 (2007), arXiv:astro-ph/0607207 [astro-ph].
[32] R. A. Allsman et al. (Macho), Astrophys. J. 550, L169
(2001), arXiv:astro-ph/0011506 [astro-ph].
[33] K. Griest, A. M. Cieplak, and M. J. Lehner, Astrophys.
J. 786, 158 (2014), arXiv:1307.5798 [astro-ph.CO].
[34] M. Zumalacarregui and U. Seljak, Phys. Rev. Lett. 121,
141101 (2018), arXiv:1712.02240 [astro-ph.CO].
[35] J. Garc´ıa-Bellido and S. Clesse, Phys. Dark Univ. 19, 144
(2018), arXiv:1710.04694 [astro-ph.CO].
[36] J. Garcia-Bellido, S. Clesse, and P. Fleury, Phys. Dark
Univ. 20, 95 (2018), arXiv:1712.06574 [astro-ph.CO].
[37] J. Calcino, J. Garcia-Bellido, and T. M. Davis,
Mon. Not. Roy. Astron. Soc. 479, 2889 (2018),
arXiv:1803.09205 [astro-ph.CO].
[38] T. D. Brandt, Astrophys. J. 824, L31 (2016),
arXiv:1605.03665 [astro-ph.GA].
[39] S. M. Koushiappas and A. Loeb, Phys. Rev. Lett. 119,
041102 (2017), arXiv:1704.01668 [astro-ph.GA].
[40] T. S. Li et al. (DES), Astrophys. J. 838, 8 (2017),
arXiv:1611.05052 [astro-ph.GA].
[41] M. A. Monroy-Rodr´ıguez and C. Allen, Astrophys. J.
790, 159 (2014), arXiv:1406.5169 [astro-ph.GA].
[42] M. Ricotti, J. P. Ostriker, and K. J. Mack, Astrophys.
J. 680, 829 (2008), arXiv:0709.0524 [astro-ph].
[43] B. Horowitz, (2016), arXiv:1612.07264 [astro-ph.CO].
[44] Y. Ali-Ha¨ımoud and M. Kamionkowski, Phys. Rev. D95,
043534 (2017), arXiv:1612.05644 [astro-ph.CO].
[45] V. Poulin, P. D. Serpico, F. Calore, S. Clesse,
and K. Kohri, Phys. Rev. D96, 083524 (2017),
arXiv:1707.04206 [astro-ph.CO].
[46] A. Hektor, G. Hu¨tsi, L. Marzola, M. Raidal, V. Vasko-
nen, and H. Veerma¨e, Phys. Rev. D98, 023503 (2018),
arXiv:1803.09697 [astro-ph.CO].
[47] O. Mena, S. Palomares-Ruiz, P. Villanueva-Domingo,
and S. J. Witte, (2019), arXiv:1906.07735 [astro-ph.CO].
